We study the deformation of the three-dimensional conformal structures by the Ricci flow. We drive the evolution equation of Cotton-York tensor and the L 1 -norm of it under the Ricci flow. In particular, we investigate the behavior of the L 1 -norm of the Cotton-York tensor under the Ricci flow on three-dimensional simply-connected homogeneous manifolds. For a non-homogeneous case, we also investigate the behavior of the L 1 -norm of the Cotton-York tensor for the product metric of the Rosenau solution for the Ricci flow on S 2 and the standard metric of S 1 .
Introduction
Let M n be a C ∞ manifold. A one-parameter family of Riemannian metrics g(t) is called the Ricci flow if it satisfies ∂ ∂t g = −2Ric g .
We are interested in the properties of the Ricci flow from the viewpoint of threedimensional conformal geometry. More precisely, we study the deformation of the three-dimensional conformal structures by the Ricci flow. It is well known that the conformal flatness in dimension n ≥ 4 is equivalent to the vanishing of the Weyl tensor. In dimension n = 3, the Weyl tensor vanishes identically and hence the conformal flatness cannot be detected by the Weyl tensor. However, there is a conformally invariant tensor which in n = 3 plays a role analogous to that of the Weyl tensor in n ≥ 4. This tensor is called the Cotton tensor and defined by
where R ij is the Ricci tensor, R is the scalar curvature and ∇ is the Levi-Civita connection. It can be shown that C 3 is conformally invariant and the local conformal flatness is equivalent to C 3 = 0. By a direct computation, we can see that the following properties hold:
1. C ijk + C jik = 0, 2. C ijk + C jki + C kij = 0,
We can write the Cotton tensor in an algebraically equivalent form which is called the Cotton-York tensor [16] C 2 = C ij := g ik ε klm ∇ l R mj − 1 4
where ε ijk is a tensor constructed by using the completely anti-symmetric tensor density η klm of weight +1 with η 123 = 1 and the determinant of the metric tensor g for the given coordinate system:
The tensor ε satisfies the following:
From the relation C ijk = ε ijl g lm C mk , we see that conformal flatness is equivalent to C 2 = 0. The (2, 0)-tensor C 2 has the following properties:
1. C ij = C ji (symmetric), 2. g ij C ij = 0 (trace-free), 3 . ∇ i C ij = 0 (divergence-free/transverse), 4 .
where C 3 2 g (x) = (g ip g jq g kr C ijk C pqr )(x) and C 2 2 g (x) = (g ip g jq C ij C pq )(x). We consider the L 1 -norm of the Cotton-York tensor on a closed Riemannian manifold M 3 , g
where d µ g is the volume element of g. Note that the L 1 -norm of the Cotton tensor differs from that of the Cotton-York tensor by √ 2 multiple. By the property of the Cotton-York tensor, it is easy to see the conformal invariance of the L 1 -norm and the equivalence between the vanishing of the L 1 -norm and conformal flatness. If the manifold is non-compact, we consider the L 1 -norm on an arbitrary compact set K
We are interested in the behavior of the L 1 -norm under the Ricci flow. As a fundamental result of the Ricci flow by R. Hamilton [6] , it is known that the Ricci flow starting at an initial metric with positive Ricci curvature on a three-dimensional closed manifold converges to a constant curvature metric up to scaling. Since a constant curvature metric is conformally flat, we can regard this result as a convergence to a conformally flat metric and a vanishing of the L 1 -norm of the Cotton-York tensor. In general, the Ricci flow develops singularities, but it is not clear whether or not the conformal structure degenerates in the sense that the L 1 -norm of the Cotton-York tensor blows up. This observations have motivated us to look into the properties of the Cotton-York tensor under the Ricci flow.
C. Mantegazza, S. Mongodi and M. Rimoldi [9] discribed the evolution of the Cotton tensor C 3 under the Ricci flow. By using this evolution equation, we derive the evolution equation of the Cotton-York tensor C 2 and the variational formula in t of the L 1 -norm of C 2 (Proposition 2.3 and Theorem 2.1). In particular, we investigate the behavior of the L 1 -norm of the Cotton-York tensor on two separate contexts. The first is evolution of the L 1 -norm of the Ricci flow on simply-connected three-dimensional homogeneous manifolds. The second context is for the product metric of the Rosenau solution [14] for the Ricci flow on S 2 (which is ancient and shrinks to a round point as t ր 0) and the standard metric of S 1 . Note that the product metric on S 2 × S 1 is also a solution to the Ricci flow. Recall the complete list of homogeneous geometries on simplyconnected three-dimensional manifolds ( [10] , [15] is the 2-dimensional Minkowski space, H 3 is three-dimensional hyperbolic space and H 2 is two-dimensional hyperbolic space. Since homogeneous geometries on H 3 , H 2 × R and S 2 × R are conformally flat, the L 1 -norm of Cotton-York tensor for these geometries trivial. In the first six of the nine homogeneous geometries, for a given left invariant metric g 0 , J. Milnor [10] provided a left invariant frame field {F i } 3 i (called the Milnor frame for g 0 ) such that
where A 0 , B 0 , C 0 is positive constants and
where λ, µ, ν ∈ {−1, 0, 1} and λ ≤ µ ≤ ν are satisfied. Recall that the value of the triplet λ, µ, ν completely determines the corresponding Lie group for the six homogeneous spaces. With respect to the Milnor frame, not only g 0 but also Ric g0 are diagonalized. As g 0 and Ric g0 remain diagonalized under the Ricci flow, it follows that the metric g(t) evolves as
and that the Ricci flow equation becomes a system of three ODE's [7] for A(t),B(t) and C(t). J. Isenberg and M. Jackson [7] studied the behavior of the normalized Ricci flow on all the nine homogeneous geometries on simplyconnected manifolds. The behavior of the (unnormalized) Ricci flow on those geometries was studied by D. Knopf and K. McLeod [8] (see also Chow-Knopf [3] ). The Ricci flow on R 3 is trivial. It becomes asymptotically round as t ր T < ∞ on SU (2, R). It converges to the flat space as t ր ∞ on Isom (R 2 ). For the other Lie groups, the each solution to the Ricci flow approaches a flat degenerate geometry of either two or one dimensions as t ր ∞. We follow the calculations as done in these previous works.
The results for the six homogeneous spaces are summarized in the 1. In all cases, the each L 1 -norm of the Cotton-York tensor converges to zero.
2. If the initial metric on SU(2, R) satisfies B 0 = C 0 and A 0 /B 0 < 1/2 , the L 1 -norm has the maximal value at t 0 with A/B(t 0 ) = 1/2.
3. In other cases, the each L 1 -norm is strictly monotone-decreasing or identically zero.
The L 1 -norm of the Cotton-York tensor for the product metric of the Rosenau solution for the Ricci flow on S 2 and the standard metric of S 1 is strictly monotone-decreasing and converges to zero as t ր 0 (Theorem 3.11).
Manifold
Initial metric The behavior of the L 1 -norm of the Cotton-York tensor It is interesting that in these examples the Ricci flow starting at the initial metric with non-positive scalar curvature is strictly monotone-decreasing. The followings are topics for further investigation:
• The monotonicity of the L 1 -norm of the Cotton-York tensor (or the lack of it).
• The characterization of the Riemannian manifold at the time which the L 1 -norm takes an extremum.
We have a conjecture about the behavior of the L 1 -norm near the singular time. A. Naber [8] proved that parabolic rescaling limits in a Ricci flow with a Type-I singularity around any point on a three-manifold at the singular time have complete three-dimensional gradient shrinking Ricci soliton structures (see also Enders-Müller-Topping [5] ). Since a complete three-dimensional gradient shrinking Ricci soliton is necessarily a quotient of either the round three-sphere S 3 , or the Gaussian soliton R 3 , or the round cylinder S 2 × R ( [2] , [12] , [13] ), it is in particular conformally flat. Based on these works, we conjecture that the L 1 -norm of Cotton-York tensor under a Type-I Ricci flow on a compact three-manifold converges to zero as time approaches to the singular time.
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The evolution equation of the L 1 -norm of the Cotton-York tensor
For any tensor T, S such as T ij , S ij , we define T,
Our goal in this section is to derive the following evolution equation.
), 0 ≤ t < T be a solution of the Ricci flow on a compact manifold. Suppose the norm of the Cotton-York tensor
The evolution equation of the Cotton tensor C 3 under the Ricci flow is obtained by Mantegazza-Mongodi-Rimoldi [9] .
) be a solution of the Ricci flow. Then the Cotton tensor C 3 satisfies the following evolution equation
By using Proposition 2.2, we obtain the evolution equation of the CottonYork tensor C 2 under the Ricci flow.
) be a solution of the Ricci flow. Then the Cotton-York tensor C 2 satisfies the following evolution equation
) be a solution of the Ricci flow. Then the squared norm of the Cotton-York tensor C 2 satisfies the following evolution equation
Proof of Proposition 2.3. Note that
Indeed,
By this equation and Proposition 2.2,
We compute each term by using the identities
lm C mk and the properties of C 3 , C 2 , ε.
Hence, we obtain
We compute each term by using 1 2 g ik ε klm C lmj , C ijk = ε ijl g lm C mk and the properties of C 3 , C 2 , ε.
where we use the identity ∇ j ∇ i C ijk = −C klm R lm (see [1] , p. 9). Hence, we obtain
Theorem 2.1 follows from Corollary 2.4 and
3 Examples of behavior of the L 1 -norm
The Lie group SU (2, R)
We consider the Ricci flow g(t) starting at a left invariant metric g 0 on G = SU (2, R) and fix a Milnor frame for g 0 such that λ = µ = ν = −1. Note that SU (2, R) is identified topologically with standard 3-sphere of radius 1 embedded in R 4 . The Ricci tensor of g is
Then the Ricci flow equation equivalent to the system of ODE's
Proposition 3.1. (Chow-Knopf [3] ) For any choice of initial data A 0 , B 0 , C 0 > 0, there exists a unique solution g(t) for a maximal finite time interval 0 ≤ t < T < ∞. The metric g(t) becomes asymptotically round as t ր T .
Now we are interested in the behavior of the L 1 -norm of the Cotton-York tensor C 2 . Since the L 1 -norm is very complicated for general initial data, we assume that B 0 = C 0 . Then B(t) = C(t) holds from the symmetry in the Ricci flow equation. 
Then the L 1 -norm of the Cotton-York tensor is
where g S 3 is the standard metric of radius 1 on Hence we obtain α = 1. We define the functions f and h on R respectively as 
The Lie group Isom (R 2 )
We consider the Ricci flow g(t) starting at a left invariant metric g 0 on G = Isom (R 2 ) and fix a Milnor frame for g 0 such that λ = µ = −1 and ν = 0. The Ricci tensor g is
and the scalar curvature g is
ABC .
Then the Ricci flow equation is equivalent to the system of ODE's
By the direct computation, we can show The behavior of the L 1 -norm of the Cotton-York tensor C 2 is given by the following.
Theorem 3.4. For any choice of initial data A 0 , B 0 , C 0 > 0, the behavior of the L 1 -norm C K (g) of the Cotton-York tensor on an arbitrary compact set K is following:
is strictly monotone-decreasing and converges to zero as t → ∞.
If
Proof. The Cotton-York tensor is
Then for an arbitrary compact set K,
is identically zero. We assume that A 0 = B 0 . We define the function f on R as
The function f is strictly monotone-decreasing if 0 < x ≤ 1 and strictly monotone-increasing if 1 < x. By Proposition 3.3, f (B/A) ց 0 as t ր ∞ if B 0 /A 0 < 1 and f (B/A) ց 0 as t ր ∞ if 1 < B 0 /A 0 . Clearly 1/C is strictly monotone-decreasing, hence C K (g) is strictly monotone-decreasing and converges to zero as t → ∞. ✷
The Lie group SL (2, R)
We consider the Ricci flow g(t) starting at a left invariant metric g 0 on G = SL (2, R) and fix a Milnor frame such that λ = −1 and µ = ν = 1. The Ricci tensor of g is
Then the Ricci flow equation equivalent to the system of ODE's 
Now we are interested in the behavior of the L 1 -norm of the Cotton-York tensor C 2 . Since the L 1 -norm is very complicated for general initial data, we assume that B 0 = C 0 . Then B(t) = C(t) holds from the symmetry in the Ricci flow equation.
Theorem 3.6. For any choice of initial data
of the Cotton-York tensor on an arbitrary compact set K is strictly monotone-decreasing and converges to zero as t → ∞.
Proof. In this case, the Ricci flow equation is reduced to
and the scalar curvature is
The Cotton-York tensor is
Then for an arbitrary compact set K, We consider the Ricci flow g(t) starting at a left invariant metric g 0 on G = N 3 and fix a Milnor frame for g 0 such that λ = −1 and µ = ν = 0. The Ricci tensor of g is Then the Ricci flow equation is equivalent to the system of ODE's . Moreover, the above system of ODE's is solved explicitly:
The behavior of the L 1 -norm of the Cotton-York tensor C 2 is given by the following.
Theorem 3.8. For any choice of initial data A 0 , B 0 , C 0 > 0, the L 1 -norm C K (g) of the Cotton-York tensor on an arbitrary compact set K is strictly monotone-decreasing and converges to zero as t → ∞.
Vol (K, h) We consider the Ricci flow g(t) starting at a left invariant metric g 0 on G = Isom(R 1 1 ) and fix a Milnor frame for g 0 such that λ = −1, µ = 0 and ν = 1. The Ricci tensor g is
By the direct computation, we can show 
Now we are interested in the behavior of the L 1 -norm of the Cotton-York tensor.
Theorem 3.10. For any choice of initial data A 0 , B 0 , C 0 > 0, the behavior of the L 1 -norm C K (g) of the Cotton-York tensor on an arbitrary compact set K is strictly monotone-decreasing and converges to zero as t → ∞.
Vol (K, h) ,
We show that (A + C) /B is strictly monotone-decreasing and converges to zero as t → ∞. Indeed,
Hence C K (g) is strictly monotone-decreasing and converges to zero as t → ∞. We assume that A 0 = C 0 . We define the function f on R as
The function f is strictly monotone-decreasing if 0 < x ≤ 1 and strictly monotone-increasing if 1 < x. By Proposition 3.9,
is strictly monotone-decreasing and converges to zero as t → ∞. Let R × S 1 (2), dx 2 + d θ 2 denote the flat cylinder, where θ ∈ S 1 (2) = R/4πZ. We define a solution g(x, θ, t) for t < 0 to the Ricci flow on R × S 1 (2) by g(x, θ, t) = u(x, θ, t) dx
It is known that the solution g(x, θ, t) extends to the complete ancient solution to the Ricci flow on S 2 (see Chow-Knopf [3] ). This solution on S 2 is called the Rosenau solution. We denote this extended solution by g as well.
The scalar curvature of g on R × S 1 (2) is R(x, θ, t) = cosh t · cosh x + 1 sinh(−t)(cosh x + cosh t) > 0 and the scalar curvature R(±∞, t) at the poles x = ±∞ is R(±∞, t) = lim |x|→∞ cosh t · cosh x + 1 sinh(−t)(cosh x + cosh t) = coth(−t) > 0.
Moreover, the curvature R(±∞, t) at the poles is the maximum curvature of S 2 , g(t) for all t < 0, since we have ∂ ∂x R = sinh x · sinh(−t)
(cosh x + cosh t) 2 > 0 for all x > 0. Since lim tր0 R(±∞, t) = ∞, the Rosenau solution is ancient but not eternal. Due to the fact that for all (x, θ) ∈ R × S 1 (2) lim tր0 R(x, θ, t) R(±∞, t) = lim tր0 cosh t · cosh x + 1 cosh t (cosh x + cosh t) = 1, the solution shrinks to a round point.
Using the Rousenau solution, we define the Ricci flow on S 2 × S 1 by h(t) = g(t) + d ϕ 2 for t < 0, where d ϕ 2 is the standard metric of radius 1 on S 1 .
Theorem 3.11. The L 1 -norm C (h) of the Cotton-York tensor C 2 for the product metric h of the Rosenau solution for the Ricci flow on S 2 and the standard metric of S 1 is strictly monotone-decreasing and converges to zero as t → 0.
Proof. On the local coordinate (x 1 , x 2 , x 3 ) := (x, θ, ϕ), the Ricci tensor is R 11 = cosh t · cosh x + 1 2 (cosh x + cosh t) 2 , R 22 = cosh t · cosh x + 1 2 (cosh x + cosh t) 2 , R 33 = 0 and the scalar curvature is R = cosh t · cosh x + 1 sinh(−t)(cosh x + cosh t) .
The Cotton-York tensor C 2 is C 23 = C 32 = sinh x · sinh(−t) 4 (cosh x + cosh t) 2 .
Then L 1 -norm is computed the following:
C 2 (t) h(t) d µ u(x ,t)(dx 2 +dθ 2 ) = 2π Hence C (h) is strictly monotone-decreasing and converges to zero as t → 0. ✷
